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Abstract
In this article a group-theoretical aspect of the method of dimensional re-
duction is presented. Then, on the base of symmetry analysis of an anisotropic
space geometrical description of dimensional reduction of equation for mas-
sive spinor field is given. Formula for claculating components of the energy-
momentum tensor from the variables of the field factor-equations is derived.
Let us consider massive spinor field in metric
ds2 = dt2 −
3∑
i=1
A2i (t)(dx
i)2. (1)
To this end we shall use the tetrade formalism and present metric in the form
ds2 = gµνdx
µdxν = ηab
(
h(a)µ dx
µ
) (
h(b)ν dx
ν
)
,
where ηab = diag(1,−1,−1,−1) is metric tensor in tangent Minkowski space;
h(a)µ are reference vectors (a, b = 0, 1, 2, 3), and here h
µ
(a)h(b)µ = ηab, h
(a)
µ h(a)ν =
gµν . It is convenient to choose the reference vectors in this metric in the form
of h(0)µ = δ
0
µ, h
(a)
k = Akδak . Let us write general covariant Dirac equation
(iγµ(x)∇̂µ −m)ψ(x) = 0. (2)
Here γµ(x) = hµ(a)γ
a is 4-vector in respect to general coordinate transforma-
tions;
∇̂µ = ∂µ + 1
4
Cabch
(c)
µ γ
bγa
is spinor covariant derivative; Cabc are Ricci rotation coefficients.
For constant γ-matrices we use the representation
γ0 =
(
σ0 0
0 −σ0
)
, γk =
(
0 σk
−σk 0
)
, γ5 =
(
0 σ0
σ0 0
)
,
where σµ are Pauli matrices.
Christoffel symbols and Ricci rotation coefficients Γ0kk = AkA˙k, Γkk0 =
A˙k/Ak, Ck0k = A˙k/Ak (no summatio over k) differ from zero. The spinor
covariant derivatives are ∇̂0 = ∂/∂t, ∇̂k = ∂/∂xk + A˙kγ0γk/2. Then the
equation (2) acquires the form
(
i
∂
∂t
+
1
2
i
∑
k
A˙k
Ak + i
αk
Ak
∂
∂xk
− βm
)
ψ(x),
αk = γ0γk, β = γ0.
The second summand can be easily eliminated, substituting ψ(x) in the form
ψ(x) = (A1A2A3)−1/2Ψ(x). As a result we obtain(
i
∂
∂t
+ i
αk
Ak
∂
∂xk
− βm
)
Ψ(x) = 0. (3)
Due to the homogenity of metric the bispinor Ψkr(x)(r = ±1) can be pre-
sented in the form
Ψkr(x) = e
ikxXkr(t), Xkr(t) =
(
fkr(t)
φkr(t)
)
. (4)
Here spinors fkr(t), φkr(t) depend only on time; index r defines the projection
of spin on the direction of movement.
Substituting (4) in (3), we get a set of equations for spinors fkr(t) and
φkr(t):
dfkr
dt
= −i (mfkr + rqsσsφkr) ,
dφkr
dt
= −i (−mφkr + rqsσsfkr) , (5)
(s = 1, 2, 3),
where qk = kk/Ak are components of physical momentum of particle.
In spherical coordinates we can write
q1 =
k1
aα1
=
k sin(θ) cos(ϕ)
aα1
, q2 =
k2
aα2
=
k sin(θ) sin(ϕ)
aα2
,
q3 =
k3
aα3
=
k cos(θ)
aα3
, q2 = q21 + q
2
2 + q
2
3 =
k2
a2
µ2 =
k2
g2
, ω2 =
k2
g2
.
To find a solution of the set (5) we proceed as follows. Let us choose or-
thogonal spinors R1r and R2r, describing the independent chiral states in the
massless case in the form of
R1r =
 √ q−rq3q e−iΦ/2
−r
√
q+rq3
q
eiΦ/2
 ,
R2r =
 r√ q+rq3q e−iΦ/2√
q−rq3
q
eiΦ/2
 ,
R+irRis = 2δrs, R
+
1rR2s = 2s,
R+2rR1s = 2r, r 6= s,
R2r = −iσ2
∗
R1r, R1r = iσ2
∗
R2r,
where tan(Φ) = α1
α2
tan(φ).
From these spinors we can construct new spinors
P1r =
q
ω
R1r +
m
ω
R2r,
P2r =
q
ω
R2r − m
ω
R1r, P3r = −iσ2
∗
P 2r,
P4r = −iσ2
∗
P 1r, P
+
irPir = 2,
P+1rP3r = −P+2rP4r = 4mq/ω2. (6)
In massless theory the spinors P1r and P2r describe independent chiral states.
If m 6= 0, then the transitions fkr ↔ φkr take place with amplitudes propor-
tional to m/ω.
Solution of the set of equations (5) can be found in the form of
fkr(t) =
1
2
ω−1/2
[√
ω −mP1r ∗αkr e+ + r
√
ω +mP3rβkre−
]
,
φkr(t) =
1
2
ω−1/2
[
r
√
ω +mP2r
∗
αkr e+ +
√
ω −mP4rβkre−
]
, (7)
e± = exp
±i t∫
t0
K0(t
′)dt′
 .
Hence,
∗
αkr (t) =
1
2
ω−1/2e−
[√
ω −mP+1rfkr − r
√
ω +mP+2rφkr
]
,
βkr(t) =
1
2
ω−1/2e+
[
r
√
ω +mP+3rfkr +
√
ω −mP+4rφkr
]
. (8)
Using the straightforward substitution and taking into account the normal-
ization conditions, one can verify that |αkr|2+ |βkr|2 = 1. Differentiating (8)
by time, we come to a set of linear differential equations of the first order for
αkr(t) and βkr(t):
∗
α˙kr =
(
w
2
+ i
wˆ⊥
2
)
βkre
2
−
− iw3
2
∗
αkr,
β˙kr =
(
−w
2
+ i
wˆ⊥
2
)
∗
αkr e
2
+ + i
w3
2
βkr, (9)
q2
⊥
= q21 + q
2
2,
with
w =
q3q˙ − q˙3q
ωq⊥
(
q2
ω2
− m
2
ω2
)
+ 2
m2w˙
ω3
; wˆ⊥ = r
q⊥
ω
Φ˙;
wˆ3 = r
q3
ω
Φ˙
(
q2
ω2
− m
2
ω2
)
+ 2r
m2q⊥
ω3
Φ˙. (10)
In practice it is more convenient to go from two complex-valued functions
αkr(t) and βkr(t) to three real-valued functions Skr(t) = |β2kr|2, Ukr(t) =
−2Re(αkrβ∗kre2−), Vkr(t) = −2Im(αkrβ∗kre2−), for which it is possible to derive
a set of three linear equations
S˙kr =
w
2
Ukr − wˆ⊥
2
Vkr,
U˙kr = w (−2Skr + 1) + (−wˆ3 + 2K0) Vkr, (11)
V˙kr = −wˆ⊥ (−2Skr + 1)− (−wˆ3 + 2K0)Ukr
with initial conditions Skr = Ukr = Vkr = 0 at t = t0.
As it can be seen, the structure of the set of equations is similar to that
of the set of equations, derived for scalar field [1] and vector massless field
[2].
Using the functions and notation introduced above, we evaluate the vac-
uum averages of normally ordered operator of energy-momentum tensor Tµν(t) =
〈0in|NtTµν(t,x)|0in〉 for spinor field [2]:
T 00 (t) =
1
(2pi)3a4
∑
r
∫
d3kωSkr,
T 11 (t) =
1
(2pi)3a4
∑
r
∫
d3kq2
⊥
(Xkr + Xkr cos(2Φ)− Zkr sin(2Φ)) ,
T 22 (t) =
1
(2pi)3a4
∑
r
∫
d3kq2
⊥
(Xkr − Xkr cos(2Φ) + Zkr sin(2Φ)) ,
T 33 (t) =
1
(2pi)3a4
∑
r
∫
d3kq23Ykr, T 0i (t) = 0, i = 1, 2, 3,
T 12 (t) =
1
(2pi)3a4
∑
r
∫
d3kq3
⊥
Xkr sin(2Φ),
T 13 (t) =
1
(2pi)3a4
∑
r
∫
d3kq⊥q3 [(Xkr + Ykr) cos(Φ)−Zkr sin(Φ)] ,
T 23 (t) =
1
(2pi)3a4
∑
r
∫
d3kq⊥q3 [(Xkr + Ykr) sin(Φ)−Zkr cos(Φ)] . (12)
Here the following notation is used:
Xkr(Skr, Ukr) = Skr
ω
+
1
2
q3Ukr
ωq⊥
(
q2
ω2
− m
2
ω2
)
+
m2
ω3
Ukr,
Ykr(Skr, Ukr) = Skr
ω
− 1
2
q⊥Ukr
ωq3
(
q2
ω2
− m
2
ω2
)
+
m2
ω3
Ukr,
Zkr(Vkr) = −1
2
Vkr
q⊥
.
Consequently, we again have reduced analysis of energy-momentum ten-
sor of quantized massive spinor field to analysis of the set of equations for
functions Skr, Ukr, Vkr.
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